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Abstract

In this paper, the dynamics of a relativistic particle of spin 1/2, interacting
with an external electromagnetic field in noncommutative space, is studied in
the path integral framework. By adopting the Fradkin—Gitman formulation,
the exact Green’s function in noncommutative space (NCGF) for the quadratic
case of a constant electromagnetic field is computed, and it is shown that its
form is similar to its counterpart given in commutative space. In addition, it is
deduced that the effect of noncommutativity has the same effect as an additional
constant field depending on a noncommutative 6 matrix.

PACS numbers: 03.65.Ca, 03.65.Pm, 03.65.Ge, 03.65.Db

1. Introduction

The noncommutative spacetime is characterized by operators X, satisfying the relation

[, $] = 0" = ——C", (1)
NC

where 6#" is the antisymmetric constant matrix which has the dimension of an area. C*’
are dimensionless parameters which are presumably of order unity and Anc is the scale
energy where the noncommutative effects of the spacetime become relevant. Recently, the
appearance of such theories as certain limits of string theory, D-brane and M-theory has
motived the interest in studying noncommutative quantum field theories (NCQFT) [1, 2] as
well as noncommutative quantum mechanics (NCQM) [3, 4, 7].

There are two different settings in the construction of quantum theories on
noncommutative space. The first one is based on the so-called Moyal or star product, and the
majority of its applications have been considered in noncommutative quantum electrodynamics
(NCQED) [8, 9] and NCQM. The other setting uses the Seiberg—Witten map into non-Abelian
gauge theory [14].
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The Moyal or star () product of two arbitrary differentiable fields (f and g) is defined as
) *gx) = [exp (%QWaf)asmf(x +8)g(x + n))} : 2

§=n=0

The deviation from standard gauge theory to noncommutative one causes the violation
of Lorentz invariance when 0 is considered as a constant matrix, except if this matrix is
promoted to a tensor related to the contracted Snyder’s Lie algebra [10, 11]. Also, it has been
shown that the problem of unitarity appears in the study of quantum theories with time-space
noncommutativities (6% = 0) [12, 13].

In this work, we investigate the effect of noncommutative space on a Dirac particle
interacting with an external electromagnetic field by using the path integral approach. In
fact, it is well known that the propagator of a Dirac particle is distinguished from that of the
scalar particle by a complicated spin structure. By using Grassmann variables, the description
of the Dirac propagator becomes possible to have a path integral representation. This idea
was exploited in several works, among which we quote the formalism of Fradkin—Gitman
[15, 16], in which the authors have described the evolution of the spinorial particles using a
symmetrical action. This approach knew several applications while following various methods
of calculation [17-20].

This paper is organized as follows. In the second section, we start with a brief review
of NCQED, from which we derive the noncommutative Dirac equation [21, 22]. Then, in
the third section, and due to the smallness of the 6 matrix, we formulate the path integral
expression relative to NCGF for a Dirac particle in a general external field by adopting
the Fradkin—Gitman formalism [15]. As a physical application, in the fourth section, the
problem of constant electromagnetic field is considered, in which the perturbative treatment
is equivalent to the nonperturbative one due to the linearity of the gauge potential field A, (x).
Consequently, the computation leads to an exact path integral expression of NCGF which is in
fact similar to the known commutative GF for a Dirac particle moving in a modified constant
field written in terms of both constant field f,, and 6 matrix.

2. Noncommutative QED

As has been shown in [21], the construction of the noncommutative Dirac equation coupled
to U(1) theory is established with the help of the action that defines the NCQED

S = dx v ivH* (o icA 1 dxF(*)F(*)/w 3
= [ dxirx (=Y @, —igAu) —m)Y — 4 it . )
where the form of F3) is

F;i:k)) = al’-AV - avApL + lg[A/u Av]* (4)

It is clear that the above action is invariant under noncommutative Abelian group U (1)
transformations

v — Ux) * v, A— U(x)*Au*U_'+§U(x)*8MU_l(x), )

with
U = exp (i) and Ux)«U'(x) = 1. (6)
The noncommutative Dirac equation that describes the spinorial particle in the presence
of an electromagnetic field can be derived from the action (3) and takes the following form:

V" (=pu+8Au(x)) —m]* ¥ (x) =0,
Pa¥ (x) = 1[0a, Y], )

[x#,x"] =0,
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where y# are the usual Dirac matrices that satisfy {y*, y"} = 2n*" (n"*¥ is the Minkowski
metric) and —g is the electron charge.

Now, let us use the definition of the Moyal product (2) up to a first-order 6 matrix in
equation (7), which leads to

[y* D, — mly(x) =0, (8)
where DM is the modified derivative
D, =— (5;1 ~ geﬁ“(aﬂAﬂ)) Pa + AL (). )

Taking this development to a first-order # matrix in equation (7) means that either we
are treating the noncommutativity as a perturbative effect on the dynamical system, or we are
dealing with a linear gauge potential A, (x) as in the case of a constant electromagnetic field.

For a general gauge potential field, we assume that the noncommutative parameter 6,,, is
small (6 = (102713 GeV)~2 [5]) due to the actual constraints on the value of Axc which is of
the order of TeV, see [6].

3. NC Green’s function formulation
The Dirac equation (8) permits us to identify the modified Green’s function. However, the
NCGEF can be represented as a matrix element of the $"°(X, P) operator

S™(x, y) = (xIS™(X, P)ly) (10)
and satisfies the following equation:

[y" Dy = m1S™ (x, ) = 8*(x — ), (1D

where |x) are the eigenvectors of the operator coordinates X*, which is the canonical conjugate
of P* = 10" verifying X*|x) = x*|x), with

P'lp)=p"lp)  and  (x]y) =8 —y), 12

[P*, P'] = [X*, XV] =0, [X*, P,] =1ié8.
Thus, equation (11) can be written in operatorial form as

(Duy* —m)S™(X, P) =1, (13)
where the modified Dirac operator is

D, =—P,+gA.(X)+ g@“ﬂ(aaAM(X))Pﬂ

=—P,+gA,(X)+g(@A ) AP (14)

and the A product for any two arbitrary vectors is defined as

aAb=1a,0bg. (15)

The introduction of the definition 33 = 3% !y2y3 with ()" = —1 and the change  to y as
y = gl =yty? (16)
into equation (13) yield
(Dup" —my»H8™(X, P) = ~I. (17)
where

S™(X, P) = y°S™(X, P). (18)
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The simple solution of equation (17) is given by

5 -1 D, 7" —myd
§"(X, P) = — = ey Ty (19)
D, y* — mVS (DM?H - mVS)Z

In order to exhibit the path integral formulation of the operator S™(X, P), we benefit from the
Feynman method of proper time which permits us to give the exponential form of equation (19)

S*(X, P) = / dA/ dy exp{irl(D, 7" — my>)? +ie] —ix (D, 7" — my®)}, (20)
0

where A and y are, respectively, the even and odd Grassmann proper times.
The operator 8" that describes our system becomes

o0
S*(Xx, P) = [ dk/ dy exp(—iH), 21)
0
with
H = x(m* = D* — i[D,, D,1y*y") + (D, 7" — my)x. (22)
In a general potential case, we have
[D[L7 Du] ~ _ing_u + 0(92)

= —igF,,(X) —ig(@F,,(X) A P)— 2ig28A,L(X) AN IA,(X) (23)
and
D?~ P? —2gA, P" + g*A* — g(dA, A P)P" +2g* A" (dA, A P)
+82(0A, AN IAM) + 0(07), (24)
where we have used the Lorentz gauge
[Py, A*]=0. (25)

Expression (23) defines the deformed operator related to the electromagnetic strength
field which is written in terms of both the usual electromagnetic field F,, = 9,4, — 9,4,
and the elements of the & matrix in first order.

Now, we aim to eliminate the operatorial form of equation (21) by subdividing the interval
[x4, xp] into N parts, then inserting (N — 1) projectors

/ d el (el = 1. 26)

Consequently, the matrix element (x;|S¢|x,) becomes

S (xb,xa) = hm / dko/d}(o/d X1 d XN— 1/d)»1 d)»N/d)(] d

x H 80k = M—D)S Otk — Xx—1) (| e TR0 2EWAD g ), 27)
k=1
Note that
Xp = Xpn, X4 = X0, At =1/N. (28)
The subdivision of the interval [x,, x;] allows us to take each exponential term at x; in its
linear form, such that

(| @G0T |y (g 11— TH Gy o X)X 1)

=/ d'p

. AXx s
2n)* €Xp H:pkA—fk — 1H (Mky Xos Xk pk)]AT}, (29)
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where we have inserted the phase space projectors

/ d* pelpe)(pel = 1, (30)
with

1
(p'lp) = 8*(p' — p). (x|p) = yae exp(ip - x). 31)

The scalar product of 4-vectors, denoted by a dot, isa - b = a, b*.
By taking into account equation (29), the matrix element S$™(x;, x,) given in expression
(27) becomes

cne Y 4 4 d*pr  dipy
S (xb,xa)legnoo o d)\() d)(() dX1-~- de—l (27[)4 (27.[)4 d)»]d)\.]\]

. Axk L~
x [ dxp---dxyexp i PkE_IH()Lk»Xkyxk,Pk) At

N
x [ T80k = Ae—D)8 Gt — xe). (32)
k=1

Let us write the § function relative to y and A variables in their integral forms

SOtk — Xi—1) = i/dek e 1P G —xe-1)}
(33)
SO — Ai—y) = i/ dpxk e{ipkk()\k_)\k—l)]’

where p,, and p,, are, respectively, the odd and even Grassmann variables. By introducing
these forms into (32), we get

o0 Xp 1
S (xp, x4) = T/ dAO/dXO/ Dx/DpD)\DpADpXDX exp {1/ [k(ﬁz(x,p)
0 Xg 0

.8 = v A -
—m? — IEF/LV(-X’ P)VMV + (_D/L(xa P)V” +m)/5))(
+p~5c+p;)l+px)'(:|dr}. (34)

Here T is the known chronological operator related to the time dependence of y matrices,
and in order to cancel it, we use these formulae [15]

1

T exp{f(7"(1))} = exp {f(aal )}TGXP {/ on?" df} ; (35

On 0 p=0
with
Texp{/l ,o,,f/”dt} =exp (if/” % )
0 acn
1
X /E Dy exp {/0 (¥ = 2ip, ") dr + Wn(l)wn(o)} o (36)

pn (7) are called the currents and 1/ (7) are the Grassmann variables with the measure DI//

1 —1
D\/I:Dtp[/EDglfexp{/o wnlﬁ"dr” , (37)
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thus, ¢ is an odd Grassmann variable, with the integration over ¥ verifying the boundary
condition

E=y"0)+y"(1) =¢", n=03 (38)

Finally, the expression of NCGF relative to the relativistic spinorial particle under the
effect of an electromagnetic field is

- 8 oo - Xp
S™(xp, X4) = €Xp (177"8;”)/ dAO/dXO/ Diﬁ/ Dx/DpDADp,\DpX Dy
0 E Xa

1
xexp{i/ [M(D?* —m? +2igF ,, (x, p)y'y)
0

+2i(D,(x, )" —my ) x +p X+ pik+ pyx

— iy, ¥ ldr + I/fn(l)I/f"(O)} (39)

=0

Expression (39) contains the entire dynamics of the system in a noncommutative space
framework, and obviously, its computation is equivalent to the resolution of the modified Dirac
equation (8).

Similarly to the usual formulation worked out in commutative space [15, 16], we remark
that the action of expression (39) is made up of two parts, fermionic (or called spin factor)
and bosonic. The fermionic part describes the spin interaction with the exterior field. The
bosonic part (which does not contain the Grassmann variables) is called the dynamical part
which describes the matter interaction of the particle without the contribution of spin.

4. The constant electromagnetic field

By using the formulation shown in the previous section, we compute the exact NCGF for a
spinorial particle interacting with an external constant electromagnetic field. The counterpart
of this problem given in commutative space has already been treated by Gitman [23] and Cruz
[24] using the Fradkin—Gitman formalism. We will show that their result will be a shortcut
towards a total deduction of the influence of noncommutativity on the dynamics of a particle
in interaction with a constant electromagnetic field.

Initially, let us give the gauge potential A, (x) that defines the constant field f,, as follows:

Au(x) = =3 fuux, (40)
in this case, the problem of many derivatives does not appear since we have
0y 0p A, (x) =0, 41)

which naturally leads to a first 6 order expanding series in equation (7), from which the
modified Dirac operator (14) acquires an exact form

D,=—P,+gA,X), 42)

with

o o o g o
P, =M"P, Me = (% + o funb” ) (43)

Hence, the modified antisymmetric field is

A

[ﬁuv D,]= _igf;w = _ig<f/w - g(f A f);w>~ (44)
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Note that A product of two matrices is given by

A P = 51a0® foo- (45)
Since the generalized Lorentz gauge remains verified
[Py, A"] =0, (46)
we get
D? = P* —2gA- P +g*A% (47)

Let us substitute the developed equations (42), (44) and (47) into equation (22), then
eliminate the obtained operatorial form using the projectors (26) and (30). By following the
same remaining steps given in the third section, we get the exact path integral expression of
NCGEF relative to a Dirac particle in a constant electromagnetic field

- 3 00 Xb
S (xp, x4) = exp (if/”ﬁ)/ dAO/dXO/ Dx/DpDkDp,\DpX Dy
0 Xa
1
X exp {l/ (P> —28A - p+g* A% — m* + 2ig f Ly y”)
0

+20((—p + gA)W" —my ) x + p -k + pik+ pyx — iY,y"ldr

+ Y (D Y" (0)} = (48)
We can express the scalar product (X - p) in terms of p instead of impulsion p as

iop=alpt =5 MT M) Pt =3 p. (49)
with

Xo=x,(M7y, and p’=M;p". (50)
After performing the following changes:

bt me2 wd po—pogA-T 6D

into expression (48), and integrating successively over (pe, €), then over (p,, x), we get

. 0 o o -
8" (xp, x4) = exp (if/" 865”>/ dCo/dXoM(Eo)/ Dx Dy
0 Xa
1 2

X exp i/ - e—omz—g/)?'A(X)"'iengw‘/f”‘/fv
0 26() 2

(EY 5 " "
+1(— —my )Xo — iy }df + Y (DY (0)}

€0

(52)
=0

The measure M (ep) is

-l
M (ep) :/Dpexp{%/ eoﬁzdr}, (53)
0

The term X - A(x) appearing in the action of expression (52) is inhomogeneous because
of its dependence on x . In order to obtain an action which is only expressed in terms of X and
P instead of the usual position and impulsion vectors x and p, we make

F fux” =T funix® =3 fuMy(MHEx* =5 30 (54)

The performed transformations from (x, p) to (X, p) lead to the unchanged integrations

Xp 2};
/Dp/ Dx =/D1"J/A Dx, (55)
Xa Xa
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where the boundary conditions (x,, x;) undergo a translation to other positions (X,,Xp),
such as

by _ b —1
T = x P M. (56)

By considering equations (54) and (55), expression (52) can be written as

. E) o0 . o
S™(xp, X4) = €Xp (i;}" 86§’l>/ deO/dXoM(eo)/ DxDvyr
0 Xu
1 2

X e I TP =
X exp i/ e g)'c“fwx" +ieog [ ¥yt
0 2€Q 2

, (57)
6=0

(EY 5 AN "
+1<— —my )Xo — iy }deﬂﬂn(l)tﬁ (0)}

€0

with the measure M (e) is

Lol
M(e):/D;”;exp{%f( eoﬁzdr}. (58)
)

Finally, expression (57) is the known Green function for a Dirac particle interacting with
a constant electromagnetic field f,,, in commutative space. Its result is already computed in
[23, 24]; then, the result is

“ 1 © sinh £2f A\ 12
S"(xp, xX4) = / deg( det ——2— ) ( detcosh geof
3271'2 0 gf 2

X exp {%fb X, — Lmz — %(Ec\b —X,) - f coth <g€20f)(56\b —fa)}

€0

x{m+ %(55;, —-X,) - f(coth gez()f — l)y}

. ~ 1 FN\ £\ MV
11— L( tanh geof o'’ + —[ tanh geof tanh geof oL
2 2 /). 4 2 /). 2
(59)

However, the calculation of NCGF for a Dirac particle in a constant field f,,, is reduced
to the calculation of the usual Green function for a Dirac particle in a modified constant field
f v treated in commutative space.

As has been shown in the study of the pair production rate induced by an external electric
field [21], the threshold electric field is decreased by the noncommutativity effects. In our
case, the result (58) shows us that the influence of noncommutativity on the system of a Dirac
particle moving in a constant electromagnetic field f,, has the same effect as an additional
constant field proportional to (f A f),. (deduced from equation (44)) on this system worked
out in commutative space. Therefore, the particle seems to be in interaction with a modified
constant field 7, i.e.

S:nc(-xbvxa) = Snc(xbvxav f) = SC(/x\aa/x\bv .f)v (60)

where S¢(X,, X, f) denotes the commutative Green function that connects the initial state at
X, and the final one at X}, relative to a Dirac particle in constant field f -

5. Conclusion

This work is devoted essentially to the study of the influence of space noncommutativity on the
dynamics of a relativistic particle interacting with an external constant field f},,, in the context
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of the path integral approach. In order to derive the modified Dirac equation that describes
the relativistic quantum mechanics in a noncommutative space framework, we started with a
brief introduction of the noncommutative Abelian theory relative to NCQED. The new Dirac
equation is expressed in terms of expanding series in 6 matrix due to the star product definition,
and in which the problem of many derivatives could occur in some case of electromagnetic
field (Coulomb potential, etc). For this reason, and since the effect of the noncommutativity
is very small, we have formulated the path integral expression relative to NCGF for a Dirac
particle in a general external field while neglecting 6 at second order. The exact resolution of the
noncommutative Dirac equation, without taking the noncommutativity as a perturbative effect,
is possible for quadratic electromagnetic fields (constant field, harmonic oscillator potential,
etc) (see [7]). However, for the constant electromagnetic field f,, case, the expression of
NCGEF has an exact path integral formulation, and it is shown that its expression is similar to
that of commutative GF for a Dirac particle moving in a modified constant field £, depending
on both 6 matrix and f,,. Hence, the effect of noncommutativity is manifested as an additional
constant field on the particle. This result justifies the decrease in the threshold electric field
because of the noncommutativity reported in [21].
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