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E-mail: soufi-net@caramail.com and abenslama@wissal.dz

Received 5 April 2005, in final form 14 June 2005
Published 3 August 2005
Online at stacks.iop.org/JPhysA/38/7389

Abstract
In this paper, the dynamics of a relativistic particle of spin 1/2, interacting
with an external electromagnetic field in noncommutative space, is studied in
the path integral framework. By adopting the Fradkin–Gitman formulation,
the exact Green’s function in noncommutative space (NCGF) for the quadratic
case of a constant electromagnetic field is computed, and it is shown that its
form is similar to its counterpart given in commutative space. In addition, it is
deduced that the effect of noncommutativity has the same effect as an additional
constant field depending on a noncommutative θ matrix.

PACS numbers: 03.65.Ca, 03.65.Pm, 03.65.Ge, 03.65.Db

1. Introduction

The noncommutative spacetime is characterized by operators x̂µ satisfying the relation

[x̂µ, x̂ν] = iθµν = i

�2
NC

Cµν, (1)

where θµν is the antisymmetric constant matrix which has the dimension of an area. Cµν

are dimensionless parameters which are presumably of order unity and �NC is the scale
energy where the noncommutative effects of the spacetime become relevant. Recently, the
appearance of such theories as certain limits of string theory, D-brane and M-theory has
motived the interest in studying noncommutative quantum field theories (NCQFT) [1, 2] as
well as noncommutative quantum mechanics (NCQM) [3, 4, 7].

There are two different settings in the construction of quantum theories on
noncommutative space. The first one is based on the so-called Moyal or star product, and the
majority of its applications have been considered in noncommutative quantum electrodynamics
(NCQED) [8, 9] and NCQM. The other setting uses the Seiberg–Witten map into non-Abelian
gauge theory [14].
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The Moyal or star (∗) product of two arbitrary differentiable fields (f and g) is defined as

f (x) ∗ g(x) =
[

exp

(
i

2
θµν∂(ξ)

µ ∂(η)
ν f (x + ξ)g(x + η)

)]
ξ=η=0

. (2)

The deviation from standard gauge theory to noncommutative one causes the violation
of Lorentz invariance when θ is considered as a constant matrix, except if this matrix is
promoted to a tensor related to the contracted Snyder’s Lie algebra [10, 11]. Also, it has been
shown that the problem of unitarity appears in the study of quantum theories with time-space
noncommutativities (θ0i �= 0) [12, 13].

In this work, we investigate the effect of noncommutative space on a Dirac particle
interacting with an external electromagnetic field by using the path integral approach. In
fact, it is well known that the propagator of a Dirac particle is distinguished from that of the
scalar particle by a complicated spin structure. By using Grassmann variables, the description
of the Dirac propagator becomes possible to have a path integral representation. This idea
was exploited in several works, among which we quote the formalism of Fradkin–Gitman
[15, 16], in which the authors have described the evolution of the spinorial particles using a
symmetrical action. This approach knew several applications while following various methods
of calculation [17–20].

This paper is organized as follows. In the second section, we start with a brief review
of NCQED, from which we derive the noncommutative Dirac equation [21, 22]. Then, in
the third section, and due to the smallness of the θ matrix, we formulate the path integral
expression relative to NCGF for a Dirac particle in a general external field by adopting
the Fradkin–Gitman formalism [15]. As a physical application, in the fourth section, the
problem of constant electromagnetic field is considered, in which the perturbative treatment
is equivalent to the nonperturbative one due to the linearity of the gauge potential field Aµ(x).
Consequently, the computation leads to an exact path integral expression of NCGF which is in
fact similar to the known commutative GF for a Dirac particle moving in a modified constant
field written in terms of both constant field fµν and θ matrix.

2. Noncommutative QED

As has been shown in [21], the construction of the noncommutative Dirac equation coupled
to U(1) theory is established with the help of the action that defines the NCQED

S =
∫

dxψ̄ ∗ (−iγ µ(∂µ − igAµ) − m)ψ − 1

4

∫
dxF (∗)

µν F (∗)µν, (3)

where the form of F (∗)
µν is

F (∗)
µν = ∂µAν − ∂νAµ + ig[Aµ,Aν]∗. (4)

It is clear that the above action is invariant under noncommutative Abelian group U(1)

transformations

ψ → U(x) ∗ ψ, A → U(x) ∗ Aµ ∗ U−1 +
i

g
U(x) ∗ ∂µU−1(x), (5)

with

U = exp ∗(iλ) and U(x) ∗ U−1(x) = 1. (6)

The noncommutative Dirac equation that describes the spinorial particle in the presence
of an electromagnetic field can be derived from the action (3) and takes the following form:


[γ µ(−pµ + gAµ(x)) − m] ∗ ψ(x) = 0,

pαψ(x) = i[∂α, ψ],
[xµ, xν] = 0,

(7)
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where γ µ are the usual Dirac matrices that satisfy {γ µ, γ ν} = 2ηµν (ηµν is the Minkowski
metric) and −g is the electron charge.

Now, let us use the definition of the Moyal product (2) up to a first-order θ matrix in
equation (7), which leads to

[γ µD̃µ − m]ψ(x) = 0, (8)

where D̃µ is the modified derivative

D̃µ = −
(
δα
µ − g

2
θβα(∂βAµ)

)
pα + gAµ(x). (9)

Taking this development to a first-order θ matrix in equation (7) means that either we
are treating the noncommutativity as a perturbative effect on the dynamical system, or we are
dealing with a linear gauge potential Aµ(x) as in the case of a constant electromagnetic field.

For a general gauge potential field, we assume that the noncommutative parameter θµν is
small (θ � (1012–13 GeV)−2 [5]) due to the actual constraints on the value of �NC which is of
the order of TeV, see [6].

3. NC Green’s function formulation

The Dirac equation (8) permits us to identify the modified Green’s function. However, the
NCGF can be represented as a matrix element of the Snc(X, P ) operator

Snc(x, y) = 〈x|Snc(X, P )|y〉 (10)

and satisfies the following equation:

[γ µD̃µ − m]Snc(x, y) = δ4(x − y), (11)

where |x〉 are the eigenvectors of the operator coordinates Xµ, which is the canonical conjugate
of P µ = i∂µ verifying Xµ|x〉 = xµ|x〉, with

P µ|p〉 = pµ|p〉 and 〈x|y〉 = δ4(x − y),

[P µ, P ν] = [Xµ,Xυ] = 0, [Xµ,Pυ] = iδµ
ν .

(12)

Thus, equation (11) can be written in operatorial form as

(D̂µγ µ − m)Snc(X, P ) = I, (13)

where the modified Dirac operator is

D̂µ = −Pµ + gAµ(X) +
g

2
θαβ(∂αAµ(X))Pβ

= −Pµ + gAµ(X) + g(∂Aµ) ∧ P (14)

and the ∧ product for any two arbitrary vectors is defined as

a ∧ b = 1
2aαθαβbβ. (15)

The introduction of the definition γ 5 = γ 0γ 1γ 2γ 3 with (γ 5)
2 = −1 and the change γ to γ̃ as

γ µ → γ̃ µ = γ µγ 5 (16)

into equation (13) yield

(D̂µγ̃ µ − mγ 5)S̃nc(X, P ) = −I, (17)

where

S̃nc(X, P ) = γ 5Snc(X, P ). (18)
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The simple solution of equation (17) is given by

S̃nc(X, P ) = −I

D̂µγ̃ µ − mγ 5
= D̂µγ̃ µ − mγ 5

(D̂µγ̃ µ − mγ 5)2
. (19)

In order to exhibit the path integral formulation of the operator S̃nc(X, P ), we benefit from the
Feynman method of proper time which permits us to give the exponential form of equation (19)

S̃nc(X, P ) =
∫ ∞

0
dλ

∫
dχ exp{iλ[(D̂µγ̃ µ − mγ 5)2 + iε] − iχ(D̂µγ̃ µ − mγ 5)}, (20)

where λ and χ are, respectively, the even and odd Grassmann proper times.
The operator S̃nc that describes our system becomes

S̃nc(X, P ) =
∫ ∞

0
dλ

∫
dχ exp(−iH̃ ), (21)

with

H̃ = λ
(
m2 − D̂2 − 1

2 [D̂µ, D̂ν]γ µγ ν
)

+ (D̂µγ̃ µ − mγ 5)χ. (22)

In a general potential case, we have

[D̂µ, D̂ν] ≈ −igF̃ µν + O(θ2)

= −igFµν(X) − ig(∂Fµν(X) ∧ 	P) − 2ig2∂Aµ(X) ∧ ∂Aν(X) (23)

and

D̂2 ≈ P 2 − 2gAµP µ + g2A2 − g(∂Aµ ∧ P)P µ + 2g2Aµ(∂Aµ ∧ P)

+ g2(∂Aµ ∧ ∂Aµ) + O(θ2), (24)

where we have used the Lorentz gauge

[Pµ,Aµ] = 0. (25)

Expression (23) defines the deformed operator related to the electromagnetic strength
field which is written in terms of both the usual electromagnetic field Fµν = ∂µAυ − ∂νAµ

and the elements of the θ matrix in first order.
Now, we aim to eliminate the operatorial form of equation (21) by subdividing the interval

[xa, xb] into N parts, then inserting (N − 1) projectors∫
d4xk|xk〉〈xk| = 1. (26)

Consequently, the matrix element 〈xb|S̃c|xa〉 becomes

S̃nc(xb, xa) = lim
N→∞

∫ ∞

0
dλ0

∫
dχ0

∫
d4x1 · · · d4xN−1

∫
dλ1 · · · dλN

∫
dχ1 · · · dχN

×
N∏

k=1

δ(λk − λk−1)δ(χk − χk−1)〈xk| e(−iH(λk,χk,xk)�τ)|xk−1〉. (27)

Note that

xb = xN, xa = x0, �τ = 1/N. (28)

The subdivision of the interval [xa, xb] allows us to take each exponential term at xk in its
linear form, such that

〈xk| e−iH̃ (λk,χk,xk)|xk−1〉 
 〈xk|1 − iH̃ (λk, χk, xk)|xk−1〉
=

∫
d4p

(2π)4
exp

{
i

[
pk

�xk

�τ
− iH̃ (λk, χk, xk, pk)

]
�τ

}
, (29)



Noncommutative quantum electrodynamics in path integral framework 7393

where we have inserted the phase space projectors∫
d4pk|pk〉〈pk| = 1, (30)

with

〈p′|p〉 = δ4(p′ − p), 〈x|p〉 = 1

(2π)2
exp(ip · x). (31)

The scalar product of 4-vectors, denoted by a dot, is a · b = aµbµ.
By taking into account equation (29), the matrix element S̃nc(xb, xa) given in expression

(27) becomes

S̃nc(xb, xa) = lim
N→∞

∫ ∞

0
dλ0

∫
dχ0

∫
d4x1 · · · d4xN−1

∫
d4p1

(2π)4
· · · d4pN

(2π)4
dλ1 · · · dλN

×
∫

dχ1 · · · dχN exp

{
i

[
pk

�xk

�τ
− iH̃ (λk, χk, xk, pk)

]
�τ

}

×
N∏

k=1

δ(λk − λk−1)δ(χk − χk−1). (32)

Let us write the δ function relative to χ and λ variables in their integral forms

δ(χk − χk−1) = i
∫

dpχk
e{ipχk

(χk−χk−1)}

δ(λk − λk−1) = i
∫

dpλk
e{ipλk

(λk−λk−1)},
(33)

where pχk
and pλk

are, respectively, the odd and even Grassmann variables. By introducing
these forms into (32), we get

S̃c(xb, xa) = T

∫ ∞

0
dλ0

∫
dχ0

∫ xb

xa

Dx

∫
DpDλDpλDpχDχ exp

{
i
∫ 1

0

[
λ

(
D̃2(x, p)

−m2 − i
g

2
F̃ µν(x, p)γ µγ ν + (−D̂µ(x, p)γ̃ µ + mγ 5)χ

+ p · ẋ + pλλ̇ + pχχ̇

]
dτ

}
. (34)

Here T is the known chronological operator related to the time dependence of γ̃ matrices,
and in order to cancel it, we use these formulae [15]

T exp{f (γ̃ n(τ ))} = exp

{
f

(
∂l

∂ρn

)}
T exp

{∫ 1

0
ρnγ̃

n dτ

}∣∣∣∣
ρ=0

, (35)

with

T exp

{ ∫ 1

0
ρnγ̃

n dτ

}
= exp

(
iγ̃ n ∂l

∂ζ n

)

×
∫

E

D̃ψ exp

{ ∫ 1

0
(ψnψ̇

n − 2iρnψ
n) dτ + ψn(1)ψn(0)

}∣∣∣∣
ζ=0

. (36)

ρn(τ ) are called the currents and ψ(τ) are the Grassmann variables with the measure D̃ψ

D̃ψ = Dψ

[ ∫
E

Dψ exp

{ ∫ 1

0
ψnψ̇

n dτ

}]−1

, (37)



7394 S Bourouaine and A Benslama

thus, ζ is an odd Grassmann variable, with the integration over ψ verifying the boundary
condition

E = ψn(0) + ψn(1) = ζ n, n = 0, 3 (38)

Finally, the expression of NCGF relative to the relativistic spinorial particle under the
effect of an electromagnetic field is

S̃nc(xb, xa) = exp

(
iγ̃ n ∂l

∂ζ n

) ∫ ∞

0
dλ0

∫
dχ0

∫
E

D̃ψ

∫ xb

xa

Dx

∫
Dp Dλ Dpλ Dpχ Dχ

× exp

{
i
∫ 1

0
[λ(D̃2 − m2 + 2igF̃ µν(x, p)ψµψν)

+ 2i(D̂µ(x, p)ψµ − mψ5)χ + p · ẋ + pλλ̇ + pχχ̇

− iψnψ̇
n] dτ + ψn(1)ψn(0)

}∣∣∣∣
ζ=0

. (39)

Expression (39) contains the entire dynamics of the system in a noncommutative space
framework, and obviously, its computation is equivalent to the resolution of the modified Dirac
equation (8).

Similarly to the usual formulation worked out in commutative space [15, 16], we remark
that the action of expression (39) is made up of two parts, fermionic (or called spin factor)
and bosonic. The fermionic part describes the spin interaction with the exterior field. The
bosonic part (which does not contain the Grassmann variables) is called the dynamical part
which describes the matter interaction of the particle without the contribution of spin.

4. The constant electromagnetic field

By using the formulation shown in the previous section, we compute the exact NCGF for a
spinorial particle interacting with an external constant electromagnetic field. The counterpart
of this problem given in commutative space has already been treated by Gitman [23] and Cruz
[24] using the Fradkin–Gitman formalism. We will show that their result will be a shortcut
towards a total deduction of the influence of noncommutativity on the dynamics of a particle
in interaction with a constant electromagnetic field.

Initially, let us give the gauge potential Aµ(x) that defines the constant field fµν as follows:

Aµ(x) = − 1
2fµνx

ν, (40)

in this case, the problem of many derivatives does not appear since we have

∂α∂βAµ(x) = 0, (41)

which naturally leads to a first θ order expanding series in equation (7), from which the
modified Dirac operator (14) acquires an exact form

D̂µ = −P̃ µ + gAµ(X), (42)

with

P̃ µ = Mα
µPα, Mα

µ =
(

δα
µ +

g

4
fµρθ

ρα

)
. (43)

Hence, the modified antisymmetric field is

[D̂µ, D̂υ] = −igf̃ µν = −ig

(
fµν − g

2
(f ∧ f )µν

)
. (44)
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Note that ∧ product of two matrices is given by

(f ∧ f )µν = 1
2fµαθαβfβν. (45)

Since the generalized Lorentz gauge remains verified

[P̃ µ, Aµ] = 0, (46)

we get

D̂2 = P̃ 2 − 2gA · P̃ + g2A2. (47)

Let us substitute the developed equations (42), (44) and (47) into equation (22), then
eliminate the obtained operatorial form using the projectors (26) and (30). By following the
same remaining steps given in the third section, we get the exact path integral expression of
NCGF relative to a Dirac particle in a constant electromagnetic field

S̃nc(xb, xa) = exp

(
iγ̃ n ∂l

∂θn

) ∫ ∞

0
dλ0

∫
dχ0

∫ xb

xa

Dx

∫
Dp Dλ Dpλ Dpχ Dχ

× exp

{
i
∫ 1

0
[λ(p̃2 − 2gA · p̃ + g2A2 − m2 + 2igf̃ µνψ

µψν)

+ 2i((−p̃ + gA)µψµ − mψ5)χ + p · ẋ + pλλ̇ + pχχ̇ − iψnψ̇
n] dτ

+ ψn(1)ψn(0)}|ζ=0. (48)

We can express the scalar product (ẋ · p) in terms of p̃ instead of impulsion p as

ẋ · p = ẋνη
ν
µpµ = ẋν(M

−1 · M)νµpµ = ̂̇x · p̃, (49)

with

x̂µ = xν(M
−1)υµ and p̃ν = Mν

µpµ. (50)

After performing the following changes:

λ → e

2
, pλ → 2pe and p̃ → −p̃ − gA(x) − ̂̇x

e
(51)

into expression (48), and integrating successively over (pe, e), then over (pχ , χ), we get

S̃nc(xb, xa) = exp

(
iγ̃ n ∂l

∂θn

) ∫ ∞

0
dc0

∫
dχ0M(e0)

∫ xb

xa

DxD̃ψ

× exp

{
i
∫ 1

0

[
− ̂̇x2

2e0
− e0

2
m2 − ĝ̇x · A(x) + ie0gf̃ µνψ

µψν

+ i

(̂̇x.ψ

e0
− mψ5

)
χ0 − iψnψ̇

n

]
dτ + ψn(1)ψn(0)

}∣∣∣∣
ζ=0

. (52)

The measure M(e0) is

M(e0) =
∫

Dp exp

{
i

2

∫ 1

0
e0p̃

2 dτ

}
, (53)

The term ̂̇x · A(x) appearing in the action of expression (52) is inhomogeneous because
of its dependence on x . In order to obtain an action which is only expressed in terms of x̂ and
p̃ instead of the usual position and impulsion vectors x and p, we makê̇xµ

fµνx
ν = ̂̇xµ

fµνη
ν
αxα = ̂̇xµ

fµνM
ν
β(M−1)βαxα = ̂̇xµ

f̃ µβx̂β . (54)

The performed transformations from (x, p) to (x̂, p̃) lead to the unchanged integrations∫
Dp

∫ xb

xa

Dx =
∫

Dp̃

∫ x̂b

x̂a

Dx̂, (55)
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where the boundary conditions (xa, xb) undergo a translation to other positions (̂xa, x̂b),
such as

x̂(a,b)
µ = x(a,b)

α (M−1)αµ. (56)

By considering equations (54) and (55), expression (52) can be written as

S̃nc(xb, xa) = exp

(
iγ̃ n ∂l

∂θn

) ∫ ∞

0
de0

∫
dχ0M̃(e0)

∫ x̂b

x̂a

Dx̂D̃ψ

× exp

{
i
∫ 1

0

[
− ̂̇x2

2e0
− e0

2
m2 − ĝ̇xµ

f̃ µνx̂
ν + ie0gf̃ µνψ

µψν

+ i

(̂̇x.ψ

e0
− mψ5

)
χ0 − iψnψ̇

n

]
dτ + ψn(1)ψn(0)

}∣∣∣∣
θ=0

, (57)

with the measure M̃(e) is

M̃(e) =
∫

Dp̃ exp

{
i

2

∫ 1

0
e0p̃

2 dτ

}
. (58)

Finally, expression (57) is the known Green function for a Dirac particle interacting with
a constant electromagnetic field f̃ µν in commutative space. Its result is already computed in
[23, 24]; then, the result is

S̃nc(xb, xa) = 1

32π2

∫ ∞

0
de0

(
det

sinh ge0f̃

2

gf̃

)(
det cosh

ge0f̃

2

)1/2

× exp

{
ig

2
x̂b · f̃ x̂a − i

e0
m2 − ig

4
(̂xb − x̂a) · f̃ coth

(
ge0f̃

2

)
(̂xb − x̂a)

}

×
{
m +

g

2
(̂xb − x̂a) · f̃

(
coth

ge0f̃

2
− 1

)
γ

}

×
{

1 − i

2

(
tanh

ge0f̃

2

)
µν

σµν +
1

4

(
tanh

ge0f̃

2

)∗

µν

(
tanh

ge0f̃

2

)µν

γ 5

}
.

(59)

However, the calculation of NCGF for a Dirac particle in a constant field fµν is reduced
to the calculation of the usual Green function for a Dirac particle in a modified constant field
f̃ µν treated in commutative space.

As has been shown in the study of the pair production rate induced by an external electric
field [21], the threshold electric field is decreased by the noncommutativity effects. In our
case, the result (58) shows us that the influence of noncommutativity on the system of a Dirac
particle moving in a constant electromagnetic field fµν has the same effect as an additional
constant field proportional to (f ∧ f )µν (deduced from equation (44)) on this system worked
out in commutative space. Therefore, the particle seems to be in interaction with a modified
constant field F̃ µν , i.e.

S̃nc(xb, xa) ≡ S̃nc(xb, xa, f ) = Sc(̂xa, x̂b, f̃ ), (60)

where Sc(̂xa, x̂b, f̃ ) denotes the commutative Green function that connects the initial state at
x̂a and the final one at x̂b, relative to a Dirac particle in constant field f̃ µν .

5. Conclusion

This work is devoted essentially to the study of the influence of space noncommutativity on the
dynamics of a relativistic particle interacting with an external constant field fµν , in the context
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of the path integral approach. In order to derive the modified Dirac equation that describes
the relativistic quantum mechanics in a noncommutative space framework, we started with a
brief introduction of the noncommutative Abelian theory relative to NCQED. The new Dirac
equation is expressed in terms of expanding series in θ matrix due to the star product definition,
and in which the problem of many derivatives could occur in some case of electromagnetic
field (Coulomb potential, etc). For this reason, and since the effect of the noncommutativity
is very small, we have formulated the path integral expression relative to NCGF for a Dirac
particle in a general external field while neglecting θ at second order. The exact resolution of the
noncommutative Dirac equation, without taking the noncommutativity as a perturbative effect,
is possible for quadratic electromagnetic fields (constant field, harmonic oscillator potential,
etc) (see [7]). However, for the constant electromagnetic field fµν case, the expression of
NCGF has an exact path integral formulation, and it is shown that its expression is similar to
that of commutative GF for a Dirac particle moving in a modified constant field f̃ µν depending
on both θ matrix and fµν . Hence, the effect of noncommutativity is manifested as an additional
constant field on the particle. This result justifies the decrease in the threshold electric field
because of the noncommutativity reported in [21].
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